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, Abstract. We obtain integral representations of solutions to special cases of the 

Fuchsian system of differential equations and Hcun's differential equation. In par- 
ticular, we calculate the monodromy of solutions to the Fuchsian equation that 
corresponds to Picard's solution of the sixth Painleve equation, and to Heun's equa- 
tion. 
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1. Introduction 



The Fuchsian differential equation is a linear differential equation whose singular- 
ities are all regular. It frequently appears in a range of problems in mathematics 
and physics. For example, the famous Gauss hypergeometric differential equation is 
| a canonical form of the second-order Fuchsian differential equation with three sin- 
gularities on the Riemann sphere C U {oo}. Global properties of solutions, i.e., the 
monodromy, often play decisive roles in the applications of these equations in physics 
and other areas of mathematics. 

Heun's differential equation is a canonical form of a second-order Fuchsian equation 
with four singularities, which is given by 

r-x. ' , d 2 y / ■y 5 e \ dy adz — q 

b: i- 1 t4+ i + — r + — 7 /+ f iv ^ = ' 

dz z \z z — 1 z — tjdz z(z — l)(z — t) 
with the condition 

^2- (1.2) y + 5 + e = a + 3 + l. 

'. 

Several approaches for analyzing Heun's equation are known: including the Heun 
polynomial (|10j). Heun function ([10J), perturbation from the hypergeometric equa- 
tion ([H]) and finite-gap integration ([21], [7J HH [15]). Finite-gap integration is ap- 
plicable for the case 7, 5, e, a — (3 G Z + 1/2, t G C \ {0, 1} and all q, and results on 
the integral representation of solutions ([13]), the Bethe Ansatz ([13]), the Hermite- 
Krichever Ansatz ([UdS]), the monodromy formulae by hyperelliptic integrals ([15]). 
the hyperelliptic-to-elliptic reduction formulae ([IS]) and relationships with the Dar- 
boux transformation ([UJ) have been obtained. In this paper, we obtain integral 
formulae of solutions for the case 7, 5, e, a + 1/2, /3 + 1/2 G Z, t G C \ {0, 1} and all 
q, which then facilitates a calculation of the monodromy. 

To obtain these formulae, we need to consider a Fuchsian system of differential 
equations with four singularities 0, 1, t, 00, 

dY ( A A x A t 
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where A , Ai, A t are 2x2 matrices with constant elements. We consider the case that 
det A = det A\ = det A t = 0, and A + A\ + A t = — diag(/ci, k 2 ) is a diagonal matrix. 
Let 9i (i = 0,1, t) denote the eigenvalues of Ai other than 0, and 9^ = «i — k 2 . 
Under some assumptions the sixth Painleve system is obtained by the monodromy 
preserving deformation. Here the sixth Painleve system is defined by 

dX = dH VI dfi _ dH VI 
1 ' ' dt dn ' dt ~ <9A ' 

with the Hamiltonian 
(1.5) 

Hvi= tft=T) WA-l)(A-t)/i 2 

- {0 O (A - 1)(A - t) + 0iA(A - t) + (9 t - 1)A(A - 1)}// + k x {k 2 + 1)(A - t)} . 
By eliminating /i in Eq. fll.4p . we obtain the sixth Painleve equation for A, 
(1.6) 

d 2 \ 1/1 1 1 \ /dA\ 2 /l 1 1 \ dX 

~d¥ ~2 V A + A- 1 + A -t )\dt) ' \t + t^T + X-t ) ~dl 

| X(X-l)jX-t) f (l-goc) 2 t | 9\ (t-1) ,(1-^)^-1) 



t 2 (t - 1) 2 [ 2 2 A 2 2(A-1) 2 2 (A-t) 5 

which is a non-linear ordinary differential equation of order two whose solutions do 
not have movable singularities other than poles. It is known that the sixth Painleve 
systems have symmetry, and the action of the symmetry is called the Okamoto- 
Backlund transformation. The sixth Painleve system has two-parameter solutions 
for the case 6q = 9\ = 9 t = 1 — 600 — 0, which are called Picard's solution. By the 
Okamoto-Backlund transformation of the sixth Painleve system, Picard's solutions 
are transformed to the solutions for the case (9 ,9i,9 t ,l — 9^) G 0\ U 2 , where 

(1.7) Ox = |(0o, 0i, 0t, 1 - MK, ft A 1 - 0oo e z + i) , 



O2 = { (00, 01, 0t, 1 — 0c 



0o, 0i, 0t, 1 — 0oo G Z 
0o + 0i + Ot + 1 - 0oo G 2Z 

For the case (0 o ,0i,0f,l — 9^) G 0\, solutions of the Fuchsian system (Eq.f l 1.3ft ) 
are expressed in the form of the Hermite-Krichever Ansatz, which is a consequence of 
results presented in [18j. In the present study, we investigate solutions of the Fuchsian 
system for the case (0o, 0i, 9 t , 1 — 0oo) G O2. 

These solutions will be shown to have integral representations whose integrands 
are functions in the form of the Hermite-Krichever Ansats. In particular we obtain 
explicit solutions for the case (0 o ,0i,0t, 1 — 0oo) = (0,0,0,0), and we can calculate 
the monodromy explicitly. By considering the monodromy preserving deformation 
directly, we recover Picard's solution of the sixth Painleve equation. 

The integral representions of solutions to the Fuchsian system follow from the 
results by Dettweiler-Reiter [U [5] and Filipuk [B] on the middle convolution (see 
section [3]). By considering special cases, we obtain integral formulae of solutions to 
Heun's equation for the case 7, 5, e, a + 1/2, (3 + 1/2 G Z, t G C \ {0, 1} and all q, 
which are then available for calculating the monodromy. For the case 7 = 5 = e = 



INTEGRAL REPRESENTATION OF SOLUTIONS 



3 



1, a — 3/2, /3 = 1/2, we have explicit representations of the integral, and so we obtain 
explicit representations of the monodromy. 

This paper is organized as follows: In section [2j we introduce notation for the 
Fuchsian system with four singularities. In section [3l we review results on the mid- 
dle convolution due to Dettweiler-Reiter and Filipuk, and combine their results. In 
section HI we recall the Hermite-Krichever Ansatz. In section [5J we obtain integral 
representations of solutions to the Fuchsian system with four singularities for the case 
(0o,9i,9t,l — 9oo) G O2, whose integrands are functions in the form of the Hermite- 
Krichever Ansats. In section [6j we have explicit representations of solutions for the 
case (6*o, 9%, 9 t , 1 — 6*00) = (0, 0, 0, 0), and we calculate the monodromy explicitly. Fur- 
thermore, by considering the monodromy preserving deformation directly, we recover 
Picard's solution of the sixth Painleve equation. In section [71 we obtain integral for- 
mulae of solutions to Heun's equation for the case 7, 5, e, a — (3 — 1/2 G Z, t G C\{0, 1} 
and all q, including the case 7 = 6 — e — l,a — 3/2,(3 = 1/2. 



2. Fuchsian system with four singularities 
We consider a system of ordinary differential equations, 

v; dz y! z z-1 z-t \a 2 i{z) a 22 {z) 

where Y = t (yi(z), y 2 (z)), it / 0,1 , A , A\, A t are 2x2 matrices with constant 
elements. Then Eq.f l2.ip is Fuchsian, i.e., any singularities on the Riemann sphere 
C U {00} are regular, and it may have regular singularities at z = 0, l,t, 00 on this 
sphere. Set 

/ 2 2 ) A = ( Uo + 6 ° ~ W ° \ A = ( Ul + 61 ~ Wl 

\ u (u + 9 ) / w -u J' 1 \ u 1 (u 1 + 9 1 )/w 1 -Ul 



A 



u t + 9 t -w t 
u t (u t + 9 t )/w t -u t 



uo = -9 + -^[A(A - 1)(A - t)fi 2 + {2 Kl (A - 1)(A - t) - 9 1 (\ - t) 



where uo, wo, Ui, Wi, u t , w t are defined by 
(2.3) 

kX k(X-l) k(X-t) 

Wn = — , Wi = , w t = — r 

t ' t-1 ' t(t — 1) 

-l)(A-t) / u 2 + {2/t 1 (A- 

- t9 t (X - 1)}// + «i{ki(A -t-1) -di- t9 t }}, 

ui = -9, - X ~} [A(A - 1)(A - t)fi 2 + {2 Kl (X -l){X-t) + (9^ - t )(A - *) 

{t — l)Voo 

- t0 t (\ - l)}/i + «i{«i(A -t + l)+9o-(t- l)9 t }], 
Ut = -9 t + +U X ~* [A(A - 1)(A - t)fi 2 + {2 Kl (A - 1)(A - t) - 9 X {X - t) 



'DO 



t(^oo - 9 t )(X - + ki{k!(A -t + l) + 9 + (t-l)(9 oo - 9 t )}], 
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and Ki = (#00 — 6 — 9i — t )/2, k 2 = — (9^ + #0 + #1 + #t)/2. Note that the eigenvalues 
of A, (i = 0, 1, t) are and 0;. Set = -(A + A 1 + A t ). Then 



(2.4) A 



00 



«i 
k 2 



We denote the Fuchsian sysytem (Eq.(|23D) with Eqs.(|2I21Q by Dy(0 Q , #1, 0t, #00; A, //; 
By eliminating 7/2 (-2) i n Eq.f l2.ll) . we have a second-order linear differential equation, 

(25) #yi{z) ,^1-00,1-01,1-0* 1 \d yi {z) 



dz 2 \ z z — 1 z — t z — \ J dz 

f «i(« 2 + l) A(A-l)// t(t-l)ff \ 

+ v^-i) ^(^-i)(^-a) ' 

ff = ^3T) [A(A ~ 1)(A ~ ^ " WA " 1)(A " t] + M(A ~ t} 

+ (9 t - 1)A(A - 1)}// + Kl (« 2 + 1)(A - t)], 

which we denote by D yi (9 , 9±, 9 t , 9^; A, fi). This equation has regular singularities at 
2 = 0,1, t, A, 00. The exponents of the singularity z = A are 0, 2, and this singularity 
is apparent (i.e. non-logarithmic). Note that the sixth Painleve system 

dX _ dH dn OH 

^ ' ' ~dt ~ 7v ~dt ~ ~~d\ 

describes the condition for the monodromy preserving deformation of Eq.f l2.lj) with 
respect to the variable t. 

It is known that the sixth Painleve system has symmetry of the extended affine 
Weyl group of type ([9]), which is called the Okamoto-Backlund transformation. 
In particular the sixth Painleve system is invariant under Okamoto's transformation 
S2 defined by 

(2.7) s 2 : 9 -> ki + O , 9 X ->• «i + 9 U 9 t ^ k x + 9 t , 9^ -> -k 2 , 

A — > A + Kif/i, // — > /i, £ — > £. 

Note that s 2 is involutive, i.e., (s 2 ) 2 = 1. 

3. Middle convolution 

Dettweiler and Reiter [HE] gave an algebraic analogue of Katz' middle convolution 
functor, and Filipuk [6J applied them for the Fuchsian system with four singularities. 
We review and combine these authors' results for the present setting. Note that the 
results of Dettweiler and Reiter are valid for Fuchsian equations of an arbitrary size 
and an arbitrary number of singular points. Let A , Ai, A t be matrices in C 2x2 . For 
v G C, we define the convolution matrices Bq,Bi, B t G C 6x6 as follows: 



(3.1) B = , B 1 






B, = 10 

A Ax A t + u 
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We consider the following differential equation: 



(3.2) 



dU 

dz 



Bp ^ Bi 
z z — 1 



+ 



B f 



z-t 



U, f/eC 



We fix a base point o G C\ {0, 1, t}. Let aj (i = 0, 1, t, oo) be a cycle turning the point 
w = i anti-clockwise whose base point is o. Let z G C \ {0, l,t} and a 2 be a cycle 
turning the point w = z anti-clockwise. Let [a,0\ = a~ l (3~ x aj3 be the Pochhammer 
contour. 



Proposition 3.1. ([5J) Assume that Y 
tial equation 

dY 

dz 



(3.3) 



Ap | Ax 
z z — 



1 (yi(z), 2/2(2)) is a solution to the differen- 
A t 



+ 



z 



t 



Y. 



For i G {0, 1, t, 00}, the function 



(3.4) 



U 



/ f 

J[a z ,ai 


W~ 


1 yi(w)(z — w) v dw 




\ 


f 

J [a z ,ai 


W~ 


1 y 2 {w)(z — w) v dw 






J\a z ,cn 


(w 


- irvn^ - w 


Ydw 






(w 


- iy 1 y 2 (w)(z - w 


Ydw 




f 

J \a z ,ai 


(w 


- ty 1 y l (w){z - w) 


u dw 






(w 


- ty 1 V2{w){z - w) 


u dw 


J 



satisfies differential equation A3.2\) . 

Proof. It follows from a straightforward calculation that the function 



(3.5) 



u 



z ^y 2 {z) 
(z-iy l yi (z) 
(z-l)- l y 2 (z) 
{z-t)- l yi {z) 
\ (z-t)-'y 2 (z) ) 



is a solution of Eq. fl3.2p for the case v — — 1 (see [5j Lemma 6.4]). 

It is shown in [5j Lemma 6.2] that if U = t (ui(z), u 2 (z), . . . ,uq(z)) is a solution of 
Eq. (13.21) for the case v = V\, then the function 



(3.6) 



U 



J[a^ ai ] U 2 (W)(W - zy^dw 

\ I[a z ,ai] u e( w )( w - zy^dw J 



is a solution of Eq. (13.21) for the case v — V\ + v 2 . By applying this result for the case 



V X = -1,1/2 

We set 
(3.7) 



v + 1, we obtain the proposition. 



□ 






K, = Ker(5o) n Ker( J B 1 ) n Kev(B t ). 
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We fix an isomorphism between C 6 / (/C + C) and C m for some m. A tuple of matrices 
mc v (A) = (Bo, Bi, B t ), where B^ (k = 0, 1, t) is induced by the action of B^ on C m ~ 
C 6 /(/C + £), is called an additive version of the middle convolution of (A , Ai, A t ) 
with the parameter v. Filipuk [6J established that, if v = K\, then C 6 /(/C + C) 
is isomorphic to C 2 and the isomonodromic deformation of the middle convolution 
system 



(3.8) 



dY _ B 
dz \ z z 



Bi B t 

^T + ~ 



t 



Y. 



gives the sixth Painleve equation for the parameters transformed by Okamoto's trans- 
formation s 2 - Note that Boalch |2j obtained a geometric result on Okamoto's trans- 
formation earlier by finding an isomorphism between a 2 x 2 Fuchsian equation and 
a 3 x 3 Fuchsian equation, which would be related with Filipuk's result. 

We now calculate explicitly the Fuchsian differential equation determined by the 
middle convolution that is required for our purpose, and which reproduces the result 
by Filipuk [6j. Let A , A\, A t be the matrices defined by Eq. (12.21) . If v — k%, then 
the spaces C , C\, C t , /C are written as 



(3.9) 
Co = C 

Set 
(3.10) 

S = 



/ wo \ 
uo + 6»o 










ui + 0i 





Ct 



( 








1 


w 





















u + 6»o 












s 3 i 


532 


1 





w% 





















Ml + 01 









S51 


552 


1 








w t 




\ 

















u t + 6t 


J 








w t 

\u t + e t ) 



K, = C 




1 


1 

Vo/ 



S31 
S52 



t(t— l)/lW()WlUt 

k 2 K2Wt(u +9 )(u 1 +9 1 ) ' 

t(l—t) flWf)WtU\ 

k' 2 K2Wt{u(,+9u)(ut+8t) \ 
1 



uo+60 
u +9o 



u-i +6»i 

w t 
ut+9t 



and U = S 1 U, where U is a solution to Eq. (13.21) . Then detU 
t)n/(t(l — t)0oo) an d U satisfies 



A;A(A - 1)(A - 



(3.11) 





( hi(z) 


612 


:*) 











\ 






b 2 i{z) 




& 














dU 




hi(z) 


b 3 2 


& 














dz 







b42 


& 





Kl 

Z 

















:*) 








Kl 

z-1 












b%2 













KX 

z-t / 



u. 



where bn(z) (i 



HuAz 



= 1, 2, 3) and b i2 (z) (i — 1, . . . 
, uq(z)) and set y\(z) = U\(z) 



, 6) are rational functions. Write U = 

y 2 (z) = u 2 (z) and Y = *(yi(z), y 2 (z)). 
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Then we have 

(3.12) * = ( M*> M*) ) F. 

dz \ "21(2) 022(2;) / 

The elements 611(2), 612(4 &21 (-2), 622 (2) are calculated explicitly and Eq. (]3.12j) coin- 
cides with the Fuchsian differential equation D Y ■(9 ,9i,9 t ,9 oo ; A, /Et; k) (see Eq.f l2.ll) ). 
where 
(3-13) 

2 #0 — 9\ — 9 t + 6*00 ~ —6*0 + 9\ — 9 t + 9oo ~ —9 — 9\ + 9 t + #00 
O = 



2 6*0 + #i + 9 t + ^ , 
Woo — , A = A + Ki//x, /i = /i, k = k. 



2 2 
2 

The functions yi(z) and y 2 (-2) ar e expressed as 

(3.14) yi (z) = u x {z) - -jrMz) + y—^ u ^ z > 

fc(A-l) , , (X-t)(ut + 9 t ) . . k(X-t) , , 

S.W = ^ p^+^ M + tI0 „, (J ) + (t ~g i y i) «.w 

t(l - t)tit(Ut + t ) / V . , , 

+MlM 4 (z) H — - ^ U 5 (z) + UtU§\Z / 

It follows from Proposition 13. II that the function U = t (ui(z),u 2 (z), . . . ,Ue(z)) given 
by Eq. (13.41) is a solution to Eq. (13.21) . Combining with the relations y 2 (it?) = (dyi(w)/dw- 
au(w)yi(w))/ai 2 (w), yi(w) = (dy 2 (w) / dw - a 2 2(w)y 2 (w)) / a 2 i(w) and Eq. (l3.14l) . the 
functions ^1(2) and y 2 (z) are expressed as the integral in the following proposition 
by means of a straightforward calculation: 

Proposition 3.2. Set Ki = (9^ - 9 Q - 9 X - 9 t )/2 and k 2 = -{9^ + 6*0 + 6*1 + 
9t)/2. If Y = t (yi(z) , y 2 (z)) is a solution to the Fuchsian differential equation 
Dy (6*0, 9i, 9 t , 6*00; A, /x; k) (see Eq. K2. 1\) ), then the function Y = t (yi(z),y 2 (z)) defined 
by 

(3.15) W z)=/ L mH + ( ro -A)f^W}(i^p (il „, 

■/[«„a,] I aw J w-X 

y2{z) = / — [z - w) Kl dw, 

satisfies the Fuchsian differential equation Dy{ki+9q, /ci+0i, Ki+9t, —k 2 ', X-\-k\/ fi, fi; k) 
for i G {0, 1, t, 00}. 

Therefore, if we know a solution to the differential equation D Y (9o, 6*i, 9 t , 9^; A, //; k), 
then we have integral representations of solutions to the Fuchsian differential equa- 
tion Dy{9q, 9i, 9t, 9oo] A, ft; k) obtained by Okamoto's transformation s 2 . It can be 
shown that, if K 2 7^ 0, Ki G" Z and 9{ G" Z for some z G {0, 1, £, 00}, then the function 
yi(z) is non-zero for generic A and fi (see j5l Lemma 6.6]). On the other hand, a 
solution to Eq. fj2.lj) for the case 9q, #1, 9 t , 9^ G Z + \ can be expressed in the form of 
the Hermite-Krichever Ansats. In the next section, we recall the Hermite-Krichever 
Ansats. 
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4. Hermite-Krichever Ansatz 
We rewrite Eg. (12.51) in elliptical form. Recall that Eg. (12.51) is written as 

( 4 1) + 1 1 -^ + l _zh. + \zh - J—) d vM 

dz 2 \ z z — 1 z — t z — A J dz 

( k x {k 2 + 1) A(A-l)/i _ t(t-l)H \ 
\z(z-l) z(z-l)(z-X) z(z- l){z-t)J Vl{ ) 

and H is determined by 

(4.2) H = ^— ^— jj[A(A - 1)(A - t)/i 2 - {6 (\ - 1)(A - t) + #iA(A - t) 

+ (6 t - 1)A(A - + Ki {k 2 + 1)(A - *)]. 

Let p(x) be the Weierstrass p-function with periods (2lux,2uj 3 ), ujq(— 0), cji, u>2(= 
— uj\ — u 3 ), u 3 be half-periods and = (i = 1, 2, 3). Set 

(4.3) z= t>w- e \ t = e -^, x = m^i 

e 2 — e x ex - e 2 e 2 - e x 

For t G C \ {0, 1}, there exists a pair of periods (2u>x,2u> 3 ) such that t = (p(uj 3 ) — 
p(co 2 )) / (p(coi) — p(u 2 )). The value 5 is determined up to the sign ± and the periods 
2c^Z © 2cj 3 Z. Set 

(4.4) e = k + l/2, 6x = l 2 + 1/2, 8 t = h + 1/2, 6 oo = -l + l/2, 
f(x) = yi (z)z' h ' 2 (z - l)- l ^ 2 (z - t)- l: ^ 2 . 

Then Eq. (14.11) is transformed to 
(4.5) 

+ wr=w)i + m^W) + 1 hik + 1Mx + ^ + c ) f{x) = °' 

s = -4(e 2 - ei ) 2 A(A - 1)(A - t) („ - | - ^ - ^ 

C = 4(e 2 - e x ) {A(l - A)// - *(1 - + (Z a + l 2 + Z 3 + + l){h + h + h~ k)e 3 

3 

- 2(hl 2 e 3 + l 2 l 3 ex + hhe 2 ) + 2(h + l 2 + l 3 )((e 2 - d)A + ex) + U(U + 2)e i; 

i=i 

and Eq. (14.2j) is equivalent to the equality 
(4.6) 

C = 4(e 2 - ei )A(A - 1)(A - % L - l *±l - l j±l - l j±l\ + £ j 4 (j, + 2 )e, 

^ J i=i 

+ ((e 2 - ei)A + ei){(/i + Z 2 + l 3 + l + 2)(h + l 2 + h - l Q + 1) - 2} 

- 2(M 2 e 3 + l 2 l 3 ex + l 3 he 2 ), 
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which shows that the regular singularities x = ±<5 are apparent. The sixth Painleve 
equation (Eq. (11.61) ) for A(= (p(S) — ei)/(e 2 — ei)) also has an elliptical representation 
(4.7) 

cps_ _ j_ r (i - e r ^ 2 " 2 / ^ ^ 

Jr 2 ~ ~4^ 



where w\ = 1/2, CU3 = r/2 and jp'( z ) = (9/dz)p(z) (see [HI LT21 LT9]), and it is related 
to the monodromy preserving deformation of Eq. (I4.5j) by the variable r = Us/u\. 

We recall that a solution to Eq. fl4.5p can be expressed in the form of the Hermite- 
Krichever Ansatz if lo,h,h,h £ Z. Note that the condition 9oo, 9 , 9%, 9 t 6 Z + 1/2 
corresponds to the condition / , Z 1; Z 2 , Z 3 G Z. Set 

(4.8) a) = gfr + ^-Q) exp (C(a)z), (i = 0, 1, 2, 3). 

a(x + cjj) 

Proposition 4.1. ([18J) Setl = |Z + l/2| + l/2 and k = |^ + l/2|-l/2 (i = 1,2,3). 
For lo,h,h,h £ Z, we have polynomials Q(X,/i), Pi(X,fi), Pq(X, //) swc/i t/iat 
z/P 2 (A,/i) 7^ iaen iaere exzsis a solution fHic{x; lo, h, h, h', X, fi) to Eq. ( |^.5[ ) of the 
form 

( 3 ~ / d V 

/or some values a, k and bj (i = 0, 1, 2, 3, j = 0, . . . , U — 1), and tae values a and k 
are expressed as 

Regarding the periodicity of the function fHx{x) = fHK{x', lo, h, h, h] X, fi), we have 
(4.11) /hk(x + 2uj) = exp(-2?7 i a + 2ujj((a) + 2KW j )f HK (x), 

for j = 1,3, where rjj = ((uj). 

It follows from Proposition 14.11 that a solution to the Fuchsian differential system 
D yi (li + l/2, lz+1/2, £ 3 +l/2, — Z +l/2; A, fi; k) is expressed in the form of the Hermite- 
Krichever Ansatz for the case lo,h,h,h G Z by setting z = (p(x) — ei)/(e2 — ei), 
t = (e 3 -e 2 )/(e 1 -e 2 ), y x {z) = z h/2 (z-l) l2/2 (z-t) h/2 f HK (x; l , h, h, h] X, //), y 2 (z) = 
{dy x {z)/dz - a 11 {z)y 1 {z))/a 12 {z). 

We now consider the Hermite-Krichever Ansatz for the case Iq — l\ — Z 2 — Z3 — 
in detail, which was demonstrated in |18| . The differential equation (14.51) is written 
as 

(4 , 2) S* + _ 4,A(A - 1)(A - t )(e 2 - «,)' + 1 = 

We assume that 5^0 mod c^iZ © u^Z. The condition that the regular singularities 
x = ±5 are apparent is written as 

(4.13) C = 2(2A(A - 1)(A - t)fi 2 - (3A 2 - 2(1 + t)X + t)/i)(e 2 - e x ), 
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(see Eq. fl4.6p ). We consider Eg. (14. 121) with the condition in Eg. (14. 131) . The polynomial 
Q(X,fi) in Eg. fl4.10p is calculated as 

(4.14) Q(X, n) = -2/i(2A/i - 1)(2(A - l)/i - 1)(2(A - t)n - l)/(e 2 - ei). 

There exists a solution fitK{ x ){= Ihk{ x 'i 0, 0, 0, 0; A, //)) to Eg. fl4.12l) that can be 
expressed in the form of the Hermite-Krichever Ansatz as 

(4.15) fHK{x) = &o 0) exp(Kx)$ (x, a), 
if fi ytz o. The values a and k are determined as 

(a-\r\ (\ w \(\ l \ '( \ ( e 2 - ei) 2 v /Z Q(V^) 

(4.16) p(a) = ei + (e 2 - ei) A- — , p (a) - 



K 



2fiJ y ' 2^ 2 
(e 2 - ei)^-Q(X,fi) 



2(JL 

and we have 

fAf?\ \ 1 f / \ (e 2 -ei)K 
(4.17) A = <p(a)-ei — // 



e 2 - ei { 2k J ' p'(«) 

5. Integral representation of solutions to Fuchsian system 

We show that solutions to the Fuchsian system (Eg.f l2.ip ) have integral represen- 
tations for the case 9 , 9±, 9 t , 9^ G Z, 9 + 9\ + t + 9^ G 1 + 2Z by use of the function 
in the form of Hermite-Krichever Ansatz. 

Theorem 5.1. Assume that Iq, li, Z 2 , Z3 G Z and lo + h + h + h £ 2Z. Let fHK{x){= 
fHK{x] Iqi li-, hi h'i A> AO) ^ e ^ e solution expressed in the form of the Hermite-Krichever 
Ansatz in Proposition \4-l\ Set 

~ / % p(x)-ei Z + h + h + h + 1 

(5.1) p(x) = , «i = . 

e 2 — ei 2 

T/ien i/ie function y\(z) (i = 0, 1, 2, 3) defined by 
(5.2) 

y?(z)=T (z) \l^^ + (m-^--)i2^ — rWcowo 

J-p-Hzi+toi e 2 - ei V ^ / ~f 2 (^(0 ~ e i) 



+ ( P(0 - A - — ^ 



t 2 (P(0 



zs a solution to the Fuchsian differential equation D yi (9 , 9i,9 t ,9 OQ ; A, /2) (see Eq.$$TB))> 
where 

( - x 2 — Z + /l — / 2 — ^3 2 —^0 — ^1 + ^2—^3 2 —^0 — ^1—^2 + ^3 

(5-3) # = g ' ^ = 2 ' * = 2 ' 

2 -/(J + ^1 + ^2 + k . , 7 \ . K l 

9oc = z hi, A = A H , // = fx. 

2 /x 

For the case k% < —1, we interpret the integral as a half of the value integrated over 
the cycle from a point sufficiently close to £ = —p~ 1 (z)+2uo i , turning around the point 
£ = — p _1 (z) + 2uji clockwise, moving to the point sufficiently close to £ = ^^(z), 
turning around the point £ = p~~ l (z) anticlockwise and returning to the initial point. 



INTEGRAL REPRESENTATION OF SOLUTIONS 



11 



Proof. By changing the variable w = — ei)/(e 2 — ei), substituting y\{w) = 

w h ' 2 {w - l) h ' 2 {w - t) li l 2 f HK {£) and multiplying Eq. fl3TT5l) by tn 2 (u + 6 )/(-\(\ - 
t)fi)yi(z), we obtain the integrand. We consider the integral contour [a z ,a(j]. Let 
o G C\ {0, 1, t} be the initial point of the contour in the w-plane, and ±x (resp. ±x) 
be the point such that p(±xo) = o (resp. p(±x) = z). We choose xo sufficiently close 
to x. The contour a z in the z-plane corresponds to the contour whose initial point 
is Xo and turning x anticlockwise and returning either to Xq or to the contour whose 
initial point is — Xq and turning — x anticlockwise and returning to — Xq, depending on 
the choice of branching. The contour (resp. «o, «i, a t ) in the w-plane corresponds 
either to the contour whose initial point is xo and ends at — xo (resp. — xo + 2uj\, 
—xo + 2u 2 , — xo + 2u 3 ) or to the reverse contour. By analytic continuation along 
the cycle a z , the integrand is multiplied by —1 because of the factor (z — p(£)) K1 
(hi G Z + 1/2), and the integral tends to zero in the limit as Xo — > x for the case 
k > —1. Hence the contour [a^ojoo] (resp. [a 2 ,a ], [a 2 ,«t]) corresponds to 

a contour that runs twice from x to — x (resp. — x + 2u>i, — x + 2u 2 , — x + 2kJ 3 ). We 
therefore obtain the theorem. □ 

Note that if l , li, l 2 , h £ Z and lo + h + h + h G 2Z + 1, then the integral is equal 
to zero. It follows from the assumption l ,li,l 2 ,l 3 £ Z and Iq + li + l 2 + h G 2Z that 
0o, h, t , 0^ G Z and 9 + h + 9 t + 9^ G 1 + 2Z. 

For given 9 , 9i, 9 t , 9^ such that 9 , 9 1: 9 t , ^eZ and 9 + 9 1 +9 t + 9 oc G 1 + 2Z, we 
have integral representations of solutions by choosing lo,h,l 2 , 13 appropriately. More 
precisely, we have the following corollary: 

Corollary 5.2. Assume that 9 , 9 1 , 9 t , 9 ao e'L and 9 + 9 X + 9 t + 9^ G 1 + 2Z. Set 

fKA , , -e -e 1 -e t -e oo + i . 9 -9 1 -9 t + 9 oo -i 

(5-4) l = , h = , 

, _ —do + Ox — 9 t + 9^ — 1 _ —9 — 9\ + 9 t + 9oo — 1 

_ p(x) -e x _ 9 + 9t + 9 t - 6»oo 
p(x) = , Ki - 



e 2 — ei 2 
£et fuR^x) = {fHK{x; l , li, l 2 , Z 3 ; A — /x)) be the solution expressed in the form 
of the Hermite-Krichever Ansatz in Proposition \4-l\ Then the function (z) (i = 
0, 1, 2, 3) defined by 

~p-\z) 



(5.5) y?(z 



e 2 - ei ^ 2(p(0 

<W0 



(/-/- ,,,'(') 

+ (P(0 - A) 



n(r (t\ a ( Z ~ ^ 



is a solution to the Fuchsian differential equation D yi (9 , 9±, 9 t , 9^; A, fi). For the case 
Hi < —1, we interpret the integral as the one in Theorem \5.1\ 

Let an(z), a\ 2 {z) be the functions defined in Eq. fl2.ip and set y 2 \z) = [dy\ (z) / dz— 
an(z)yi\z)) j a\ 2 {z) (i = 0, 1,2,3). Then the function Y = 1 (y[ l \z) , y 2 \z)) is a solu- 
tion to the Fuchsian differential system Dy(9o, 9i,9 t ,9oo; A, /i; k) (see Eq. fl2.ll) ). Note 
that the function y 2 (z) is also expressed as the form like Eq. (15.51) by combining the 
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expression in Eq. fl3.15p . the relation yi(w) = w h ^(w — l) l2 ^ 2 (w — t) l3 ^ 2 fHK(p~ l (w)) 
and the relation among dy 2 (w)/dw, dy\{w)/dw and yi(w). 

We can calculate the monodromy of the Fuchsian system Dy(9o, 9\, 9t, 9^; A, /x; k) 
and the Fuchsian equation D yi (9o,9i,9t,9 00 ; X, fi) for the case 9o,9x,9 t ,9oc £ Z and 
#o + 9\ + 9 t + 9ao G 1 + 2Z in principal by considering the integral representations of 
solutions and their asymptotics around the singularities. We will do this for the case 
(# 0) 9i, 9 t , 1 — #00) = (0, 0, 0, 0) in the next section. 



6. Integral representation of solutions to the Fuchsian equation 

FOR THE CASE (6> , 6>i, 9 t , 1 - 9^) = (0, 0, 0, 0) 

We consider the integral representation of solutions to the Fuchsian equation for 
the case (9 ,9i,9 t ,l — 9^) = (0,0,0,0). For this case, the function /hjc(0 i n the 
integrand of Eq. (15.21) is written in the form of the Hermite-Krichever Ansatz for the 
case lo = h = h = h = 0, and it is described by Eq. (14. 151) . The values A,/i for 
the case lo = h = h = h = ® an d the values a, k are related by Eq. fl4.17p . By 
substituting Eq. fl4.17l) into Eq. (15.51) and the integral representation of the function 
y 2 (z) like Eq. fl5.5p . multiplying by appropriate constants and applying the formula 
p(x) — = — cr(x + £)er(x — £)/(cr(:r) 2 cr(£) 2 ), we have the following proposition: 

Proposition 6.1. Set 

J-x+2wi a/ct(x — 4)cr(x + ^) 

( \ 1 f ( 2 , P'(0 + PM mo (C\m ( ' 

4fc(e 2 - ei) 1 /_ a . +2wi V P(0 ~ P( a ) 

e ( K +« a »t<x(x)(T(£ - a) 

y/cr(x - £)<t(x + 

The function t (f i (x), gi(x)) (i — 0,1,2,3, 2 = (p(x) — ei)/(e 2 — ei)) is a solution to 
the Fuchsian differential system Dy(0, 0, 0, 1; A, //; fc), where 

fn n > K a ) ~ gi (eg - ei)« 

6.2 A = , /i = . 

e 2 - ei p'(ct) 

In particular, the function f%{x) (i = 0,1,2,3, 2; = (fp(x) — ei)/(e 2 — ei)) is a solution 
to the Fuchsian differential equation D yi (0, 0, 0, 1; A, fi) and the differential equation 
can also be written as 

(6 ' 3) 5? + { 2 (p(x) - e,)) " pl» - p(a) } P ' W 5I 



The monodromy matrix for the Fuchsian differential system -Dy(0, 0, 0, 1; A, &) 

Z/ 2 {1} (^) J ' I y? } (*) 

cides with the monodromy matrix for the Fuchsian differential equation D yi (0, 0,0,1; A, fx) 



with respect to a basis of solutions { \ \ ± \ 1 , / 2 }/ \ 1 f along a cycle 7 coin- 
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with respect to a basis of solutions {yi(z), y\ 2 \z)} along the cycle 7. Hence we inves- 
tigate the monodromy matries for the Fuchsian differential equation D yi (0, 0, 0, 1; A, /x) 
by applying integral representations of solutions fi(x) (i = 0, 1, 2, 3). 

Assume that a ^ mod u^Z © By considering the exponents of the sin- 

gularities, we have a basis of local solutions to the Fuchsian differential equation 
D yi (0, 0, 0, 1; A, /i) about x = and ui (i — 1, 2, 3) of the form 

(6.4) 

(0)/ \ , (0) 2 , (0)/ n (0) 1 \ i . ~(0) . ~(0) 2 , 

s\ (x) = X + c 2 X + • • • , s 2 (x) = s\ (x) log x + c\ X + c 2 X + • • • , 

Si\x) = 1 + C[\x — UJi) + . . . , Sg^x) = sf\x) log(x — CUj) + + c[^(x — UJi) + 

Let 7j (i — 0, 1, 2, 3) be the cycle turning anti-clockwise around x = and / 7 (a;) be 
the function which is continued analytically along the cycle 7. Then we have 

(6.5) (s?^(x),s^(x)) = (s?(x),s 2 H \x))( I 27r ^) (< = 0,1,2,3). 

We now relate the local solutions (s±\x), s 2 \x)) (i = 0,1,2,3) to the solutions of 
integral representations fo(x),...,f3(x). Since fo(x) is a solution to the Fuchsian 
differential equation D yi (0, 0, 0, 1, A, /i), it is expressed as a linear combination of 

sf\x) and s 2 (x). We set £ = xv. Since lim^o cr(x)/x = 1, we have the following 
asymptotic limit as x — > 0: 



1 e x( K +c(«))v(x)a(xz/ - a) , Z" 1 .r J rx( • 



(6.6) 

fn(x) = I ^y^/^y- ^= xdv ~ / , = = v ^' dv = a(—a)iix. 

J-i y/a(x(l + u))a(x(l-u)) J-i x^(l + u)(l - V) 

Hence we have 

(6.7) f (x) = a(-a)7rsf\x). 

We consider the asymptotics of fo(x) in the limit as x — > u>i (i = 1,2,3). By using 
the formula a(x + 2a; j) = — a(x) exp(2i]i(x + o^)), we have 

(6.8) 

3 x(k+C(oi))v (j( x \ a ( xv — (x)xdv 

fo{x) 



y/-e 2r i*^ 1+ ^- w ^ar(x(l + u)- 2uOi)a(x(l - ufj 







e 



< K+ ^ v a(x)a(xv - a)xdu 



-1 -e 2r i^ l -»)-^)a(x(l -u)- 2uOi)a(x(l + v)) 
1 e x{ K +aa))-viV*-ui) a ( x ) a (x _ oi)xdv f° e - x ( K+ ^ a)) -^ 2x -^(j(x)o(-x - a)xdv 



X\J— (1 + z/ — 2a>i/x)(l — v) J-i X\/ — (1 — 1/ — 2cjj/x)(l + z/) 

~ - bg(w< - x)e^ (K+c(a) -* ) (r(^)(T(^ - a) - log(^ - x)e^ { - {K+ ^ a)) -^ ) a{u l )a{-u i - a) 
= -\og{ui - x)e^ K+c{a) - v ' ) cr(iu l )a(iu i - a)(l - e -^+a<*))+2m<*y 

Since fo(x) is a solution to Eq. fl2.ll) . it can be expressed as a linear combination of 
Si (x) and s 2 \x), and we have 

(6.9) f (x) = -e^+^-^V^a^^ 
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for some constant c^ 0,t \ Next, we express the function fi(x) (i = 1,2,3) as a linear 
combination of (x) and s% (x) for j G {0,1,2,3}. We set £ = (cUj — x)v + u>i, 
whereupon we have 

f 1 e*("+C(«))((<*-* )^) cr ( x ) (T (( w ._ x ) z/ + w ._ a ) 

(6.10) /i(a;)=/ , (x-^)^- 
Similarly, we have 

(6.11) Uix) ~ v^a^)^ - a ) e ^(«+C(a)- % ) ; ( x _^ w .) > 

~ - v /Z Ta(-a)(l - e 2 ^ (K+c(Q)) - 2, ' lQ )xlogx, {x -> 0), 

and 
(6.12) 

~ afaWuj - a)e^ {K+aa) -^\l - e 2(«-i-wi)(«+C(«))+2( w -»»)«) l og ( a ; j - x), 

in the limit as x — > cjj, (j 7^ 0, i), where we have used Legendre's relation, rjiUj—rijUJi = 
±ti\ / —1/2. Therefore we have 

(6.13) 

fi(x) = ^7ia(ui)a(ui - a)e^ iK+c{a) -^s?{x) 

= - v /Z Ta(-a)(l - e 2 ^ {K+ ^^ a )sf(x) + c m sf\x) 

= a{uij)a{u}j - a)e^ K+c{a) -^\l - e 2(u< ^ )( ^ c(a))+2( ^^ )a )s? ) (x) + c^s? ^), 

for some constants c^' ) and c^ J - ) . 

We consider the monodromy matrices on the basis (fo(x), fi(x)). Set 

(6.14) e[i\ = exp{2u i {K + ({a))-2r ]l a), (i = 1,2,3). 

It follows from Eqs. fESl E3 IBTTBl that 

(6.15) 

(f?(x), f?(x)) = H- a )7is { ^°(x), -V=hr(-a)(l - e[l])s^°(x) + c^sf^°(x)) 
= (a(-a)nsf\x), -^la(-a)(l - e[l])(4 0) (x) + 2 7 r v /Z Tsf ) (x)) + c^ 0) sf\x)) 

1 2(1 -e[l]) 
1 



= (fo(x)Ji(x)) 
Similarly, it follows from Eqs. (16.51 16.91 16. 13[) that 
(6.16) (/o 7l (^),/i 7l (^)) = (/o(x),A(x)) 



1 
-2(l-l/e[l]) 1 

If e[l] 7^ 0, then it follows from the asymptotic limits as x — > and x — > uo\ that 
the functions fo(x) and fi(x) form a basis of solutions to Eq. fl2.ip . and the functions 
fj( x ) U = 2? 3) are written as linear combinations of fo(x) and fi(x). Write fj(x) = 
cojfo(x) + 5ij/i(x). Then the coefficients cqj, cx t j are determined by considering the 
asymptotic limits as x — > U\ and x — > 0, and we have 

re i7i c - e[1] ~ e[j] 5 - 1 ~ ga 

(6 - 17) C0J " 1 - e[l] ' Clj "l^[l]- 
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Therefore 

(6.i8) (ti'(x),r 1 >(x)) = uq'(x),f]>(x))( l -^ly 

= (/oW.AW)(_ 2(1 _ 1 1/eb1) ?)(o ~'vt'' 

! + 2 M 1 b^l)MzM) o (e[i]-eb1) 2 



r f„r^ f.Ml I " " (e[il-l)eL?] * (e[l]-l)e[j] 

U0W,;iWJ| (e[j]-l) 2 i o (e[l]-e[7])( e [?]-l) 

Z (e[l]-l)e[i] 1 Z (e[l]-l)e[i] 

and we have obtained the monodromy matrices for the basis (fo(x),fi(x)) on the 
cycles 72, 73. 

We consider the monodromy preserving deformation with respect to the basis 
(fo(x),fi(x)). Assume that the values e[l], e[3] are preserved while varying the 
ratio u)-&ju)\. Then the monodromy is preserved by Eqs. fl6.15l 16.161 16.181) and the 
equality e[l] +e[2] +e[3] = 0. Since the values e[l], e[3] are preserved by monodromy 
preserving deformation, we have 

(6.19) -2r] 1 a + 2u l ({a) + 2KUJ 1 = 7iy^TC 1 , 

- 2r} 3 a + 2tu 3 ((a) + 2klu 3 = tt\ / ^IC 3 , 

for constants C\ and C 3 . By Legendre's relation, rjiuj 3 — 7730*1 = tt^—1/2, we have 

(6.20) a = C 3 u x - duj 3 , 

k = C(Ci^3 - C 3 ux) + C 3 r]x - Cii] 3 , 

Recall that the sixth Painleve equation has an elliptical representation (see Eq. (14.71) ). 
and it is a differential equation on 5 with respect to the variable r = uj 3 /ujx. For 
the case (9 , 61, 9 t , 1 — 6*00) = (0, 0, 0, 0), this equation is written as d 2 5/dr 2 = 0. The 
variables A and S are related by A = (p(8)— e\)j{e.i — ei). With regards to the integral 
representation of solutions to D yi (0, 0, 0, 1; A, //), we have the relations 

(6.21) A = ^— {p(a)- ei }, ^ = - (e2 ~ e \ )K . 

e 2 - ei p'(a) 

Hence a plays the role of S mod 2a>iZ © 2a> 3 Z, and Eq. (I6.20j ) corresponds to Picard's 
solution to the sixth Painleve equation for the case (9o,9i,9 t , 1 — $00) = (0,0,0,0) 
by setting u)\ = 1/2 and u 3 = r/2. We therefore reproduce Picard's solution by 
determining the monodromy of the corresponding Fuchsian equation. 

7. Integral representation of solutions to Heun's equation 

In section 0, we obtained that, if 0Q,9i,9 t ,0oc £ Z an d #0 + #1 + 9 t + $00 G 
1 + 2Z, then we have integral representations of solutions to the Fuchsian equation 
D yi (9 , 9i, 9 t , 9^; A, /i) (see Eq.f l5.2l) ) and the Fuchsian system D Y (9 , 9i, 9 t , 9^; A, fx, k). 
In this section we obtain integral representations of solutions to Heun's equation by 
a suitable choice of the parameters A and /1. 

Recall that Heun's differential equation is defined by 

(7-\\ d 2 V , fl S _ e \ <fy , aflz-q 

1 ' dz 2 \z + z-l z-t) dz + z(z-l)(z-t) V ' 
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with the condition 7 + <5 + e = a +[3 + 1. This equation has an elliptical representation: 
Set 

(7.2) z =*t^L, t= *Z* f{ X )=yz*{z-l)*{z-t)*, 
e 2 -e x e 2 - e x 

then Heun's equation (Eq. (j7.ip ) is transformed to 

72 3 



d 1 



dx 2 



+ U(U + l)p(x + u i )-E\ f(x) = 0, 



i=0 



(7.3) 

where 
(7.4) 

l Q = a-P-\/2, /i = - 7 + l/2, l 2 = -5 + l/2, Z 3 = -e+l/2, 
E=(e 2 - ei)(-4g + (-(a - /3) 2 + 2 7 2 + 6 7 e + 2e 2 - 4 7 - 4e - 5 2 + 25 + l)/3 
+ (-(a - /3) 2 + 2 7 2 + 6 7 5 + 25 2 - 4 7 - A5 - e 2 + 2e + l)t/3). 

We obtained in section [5] that, if Zo, h, h, Z3 G Z and Z + l\ + l 2 + h G 2Z, then the 
function Vi\z) defined by 

(7.5) 



vJ°(*) 



-p- 1 ( 2 )+2w i 



e 2 - ei 



Z,: 



2(p(0 - ei 



+ (p(0-a-^)« 



,1=1 



(i = 0, 1, 2, 3) is a solution to the Fuchsian differential equation D yi (9 , 9±, 9 t , 9^; X + 
Ki/ [A, /i), where 



(7.6) 

9nr 



— Zq + h — l 2 — h 



9i 



-Zq — h + l 2 ~ h 



'1 u t 



e. 



-Z + h + k + h , , ~, x - ei 

h 1, p{X) = , Ki 



— Iq — h — l 2 + h 



Zo + Zi + Z 2 + h + 1 



e 2 - ei 



and the function fuK (%) is defined in Theorem 15. 11 The Fuchsian equation D yi (9o, #1, 9 t , 9^; X+ 
Ki/ [A, fi) has an apparent singularity at z = X + Ki/fi. We consider the confluence of 
the apparent singularity z = X + K\j y to the regular singularity z = 00. Set /i = 0. 
Then the Fuchsian equation is written as Heun's equation 



l-0o 1 



\-9t\dy 



+ 



z z — 1 z — t J dz 

«i(k 2 + 2)z + «i(l - fl~oo)A - kx((k 2 + + l)t + (k 2 + 9i + 1)) 

z{z-\)(z-t) 



y = o, 



where £1 = (9^ - 9 - 9 X - 9 t )/2 and k 2 = -{9^ + 9 + 9 X + 9 t )/2. We have 
1 - , 1 - Oi, 1 - 0*, «i + 1/2, k 2 + 2 + 1/2 G Z. For the case 9^ = 1, we set y, = 6s 2 , 
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(7.8) 



dz 2 



1-9, , i-e t \dy 



+ 



z z — 1 z — t J dz 

Kl(/C 2 + g)g + klbc 2 - K!((K 2 + fl f + l)t + (k 2 + #1 + 1)) 

z(z - l)(z-t) 



y = o, 



The following theorem follows from Eq.f l7.7l) by substituting the parameters as indi- 
cated: 



Theorem 7.1. (i) Assume that 7 + 8 + e = a + /3 + 1, 7, 8, e, a + 1/2, /3 + 1/2 e Z. 
Se£ 



(7.9) 

Z" = a - 3/2, Zi = <J + e - a - 1/2, f 2 = 7 + e - a - 1/2, f 3 = 7 + 8 - a - 1/2. 



Let /hx(x) = fHK{x]lo,h,hJ3]^,f^) be the function expressed in the form of the 
Hermite-Krichever Ansatz. Set p{x) = (p(x) — ei)/(e 2 — ex) and 



(7.10) 

A,/z,m) =/i r 



e 2-ei V 



+ P(0-A + 



/A fc(0 



2(p(0 - 
fl(p(0-e^ 



p'(0/h*(0 



/2 



If a — [3 ^ 1 (resp. a — (3 = 1) and the integrand in Eq. ft7.ll] ) (resp. Eq. ft7.lHfy ) has 
a non-zero finite limit as fi — > /resp. s — >• 0^ /or some m ; i/ien the functions 



(7.11) y{°(*) 



85 1{z) (z - <o(£))- p 

limfK;A,/i,m) 1 f J 



(7.12) 



t(a - e) + (a - t?) - g/ff 

A = — ; > (a-PT^ 1 ), 

a — p — 1 

y?(«)= / lim F(fr c/s, bs\m) ^ ^ }} - d£, 

J-p-^z)+2^ i (P(0 - C/s) 

6c 2 = t(a -e) + (a-5) + q/(l - a), (a - (3 = 1), 
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(i = 0, 1,2,3) are solutions to Heun's equation (Eq. \7.1\ )). 

(ii) Assume that k, Z 1; l 2 , Z 3 G Z + 1/2 and Zq + l\ + l 2 + k € 1 + 2Z. Set 

(7.13) 

r _ ^0 + h + k + Z3 r _ k ~ h ~ k ~ k 
/- g ' /o " 2 ' 

~ — Z + Zi — £2 — Z3 r _ _ Z — Zi + k — k 7 _ ~k — h ~ k + Z3 
'1 — ^ , h — , '3 — ~ • 



A, fi, m) = fi r 



I 



I 



e 2 - ei 



li 



+ ,«0-A-l « 



f[(p(0 - e,)^ /2 



//Zo 7^ 1/2 (Vesp. Zo = 1/2 j and i/ie integrand in Eq. \7.1J$ (resp. Eq. \7.13$ ) has a 
non-zero finite limit as fi — > (Vesp. s — > Oj /or some m, then the functions 



(7.14) 



/«(*) 



n(p(x)-e,)^ /2 



hm F(f ; A,/i, m) r^ - 



(P(0 - A) 



£7 + (Z 3 - Zi) (2Z + h + h)ei + (k ~ k) (2Z + k + k)e 2 , ei . 

A — ; — : : : ; — - 1 , [Iq f= 



(e 1 -e 2 )(Z 1 + Z 2 + / 3 + Zo)(2Zo-l) 



e 2 - ei 



(7.15) 



fl(p( 

VJ = 1 



x) — 



-lj/2 



be 



2 _ E+(l 3 - ji)(ji + Z 3 + l)ei + (jg - Z 2 )(Z 2 + Z 3 + l)e 2 
(e 1 -e 2 )(2Z 1 + 2Z 2 + 2Z 3 + 1) 



' lim o F(e;c/ g ,^rn) ^-^y 

- 7„V7„ — 1 — 7 „ — 1 — 1 W 

, (k = 1/2), 



(i = 0, 1, 2, 3) are solutions to the elliptical representation of Heun's equation (Eq. \7.3$ ) 

We consider the limits A + «i//i — > 0, l,t. The following equations are obtained 
by setting A = — K\/ [a, A = 1 — Ki/fi, A = t — K\j ' \i in the Fuchsian equation 
D yi (9 , 9i, 9 t , 600] A, /i): 



(7.16) 



d 2 y f-0o l 



+ 



+ 



l-0 t \dy ki(k 2 + l)z + t9 fi 

r ~r + — 7 tt7 — T^y = 0, 



dz 2 \ z z — 1 z — t J dz z{z — l){z — t) 
(7.17) 

d 2 y (l-9 -9\ \-d t \dy k x {R 2 + l)(z - 1) + (1 - t)hn 



dz 2 



+ 



~^ z — 1 ^ z — t I dz 



z(z-l)(z-t) 



y = o, 



(7.1* 



d 2 y ( l-6»o l-9i -9 t \dy R x {k 2 + l)(z - t) +t(t - l)6 t fi 



dz 2 



+ 



+ 



z — 1 z — t dz 



+ 



z(z-l){z-t) 



: y = o, 
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where the parameters are defined as for the case \x = 0. For the case 0j = (i = 0, 1, t), 
we set /i = c/s, A = i — K\/ [i + bs 2 , and consider the the limit s — > 0. Then we have 

d?y ( 1-0! l-6 t \dy t Kifa + Vz-tbc* 
(7 - 19) ^ + {— + —)Tz + z(z-l)(z-t) ' = °' 

(7.20) ^ + f + ^ + ^i(^ + l)(^-l) + (t-l)fe 2 ^ = Q 

cfe 2 I z z — t)dz z(z — i)(z — t) 

d 2 y t f l-9 t l-e^ dy £ 1 (£ 2 + l)(,z-t)+t(l-t)6c 2 _ 
[< ] dz* + [ z + z-l)dz + z(z-l)(z-t) V ~ 

Note that we have similar propositions to Theorem 17.11 

We consider the integral representations of solutions to Heun's equation for the 
case 7 = 5 = e = 1 and a = 3/2, (3 = 1/2, i.e. the case Iq — 1/2, h = h = h = —1/2. 
Recall that the functions 

(7 . 22) m= f , !>(*)-* 



^/a(x-£)a(x + £) ' " e 2 -ei 

for z = 0, 1, 2, 3 are solutions to the Fuchsian differential equation D yi (0, 0, 0, 1; (p(a) — 
e i)/( e 2 — ei), — (e2 — ei)K/p'(a)) (see Proposition 16. II) . The condition s — ► in The- 
orem 17.11 implies the condition a — > while setting k = — C(«) + Therefore, it 
follows from Eq. fl7.22p that the functions 



for i = 0, 1, 2, 3 are solutions to Heun's equation 

(7.24) g» + CI + JL + M g + jf ± - « 2 )/fe ZfJ, = 0| 



cfe 2 \z 2 — 1 z — t J dz 4z(z — l)(z — t) 

by setting 2 = — ei)/(e 2 — ei), and the functions 

3 \ I/* 

r^^^i-p.u / 

a(x - uji)a(x - lu 2 )(t(x - uj 3 )\ 1/2 f x e Kf a(£) 



(7.25) /"'(x) = I Yl( P ( X ) -e^ I / ! - 



for i — 0, 1, 2, 3 are solutions to Heun's equation in elliptical form for the case Iq = 1/2, 
/1 = h = h = -1/2, 



(7-26) (-0 + -i + <*) + * 2 j /( 



x) =0, 



The monodromy matrix of solutions to Eq. fl7.24p can be expressed in the form of 
those in section [6] by substituting k = — ((a) + k and a = 0. In fact, if e 2uJlK 7^ 1 then 
the functions fo(x) and fi(x) are linearly independent, and the monodromy matrices 
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are written as 
(7.27) 

(fo°( x )Ji°( x )) = (Mx), fx(x)) ( J 2(1 

(f^( x )J?( x )) = (/o(x),/i(x)) ( _ 2(1 } e ^ lk) \ 

!•'•)../? (•'•)) (j = 2,3) 



(/o(x),A(x)) 



2 ( e ^i*- e 2 "j a )(e 2 "j g -l) 2 (e 2 "i s - e 2 "J s ) 2 

( e 2o ;i K_ 1 )2 9 ( e ^l«- e 2 "j«)( e 2 "j g -l) 



which are obtained by analytic continuation of Eqs. (l6.15[ 16.161 16.181) on the limit 
a —>■ 0. The monodromy matrices of solutions to Eg. (17.241) are written as products 
of the monodromy matrices in Eg. (17.271) and the scalar that is determined by the 
branching of (a(x — ui)a(x — U2)cr(x — cu 3 ) / 'a(x)) 1 / 2 . If k = 0, then the integrals in 
Eg. (17.231) are written as 

(7.28) 

dw C z dw 



^{w - z){w - ei)(tu - e 2 )(w - e 3 ) Je, y/(w- z)(w - e^iw - e 2 )(w - e 3 ) 

for i = 1,2,3 by setting u> = p(£) and 2; = p(x). These integrals coincide with the 
formula for the density function on root asymptotics of spectral polynomials for the 
Lame operator discovered by Borcea and Shapiro [3] (see also [20]). 

The limits A + K\j \i — > 0,1, t correspond respectively to the limits a — > ei,e 2 ,e3. 
The functions 

(7.29) f v (x) = / rig, («=0,1,2,3) 

are solutions to the following Heun's eguations; 

/ 7qn x d 2 y ( 1 1 \ riw z - /t 2 /(e 2 - ei) , 

/ vqn d 2 y (I I \dy z - 1 - /t 2 /(e 2 - eQ 

(7 - 31) ^ + U + ^J^ + 4*(s-l)(*-t) ^ = °' (Z = 2) ' 

, 7qo >, d 2 y (1 1 \ d y z-t - /t 2 /(e 2 - eQ 

(7 ' 32) ^ + U + ^tJ^ + 4z(z -!)(*-*) ^ = °' ( ^ = 3) ' 

by setting z = (p(x) — e%)/ (e 2 — ei), and we have similar results for Heun's eguations 
in elliptical form for the case Iq = —l\ = Z 2 = I3 = —1/2, Iq = h = ~h = h = ~ 1/2, 
lo = h = h = ~h — — 1/2 respectively. The monodromy matrices are expressed in 
similar forms as Eg. (17.27ft . 
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